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1 Introduction
The development in numerical analysis has propelled interest in diﬀerence equations
and their relationship to their diﬀerential counterparts. The theory of discrete nonlin-
ear boundary value problems has often been connected (e.g. Gaines []) to the study of
corresponding topics in diﬀerential equations and the investigation of the diﬀerences be-
tween the two approaches. This spirit remains in the recent publications (see e.g. Kelley
and Peterson [], Agarwal [] or Bereanu andMawhin []). This paper can be seen as a part
of this research stream. We investigate the nonlinear discrete Sturm-Liouville problems
coupled with a nonlinear boundary value condition, transform it into the equivalent oper-
ator equation, and use Dancer’s bifurcation theorem to obtain the existence of a positive
solution.
It is well known that the discrete Sturm-Liouville boundary value problem
–
[
p(k – )y(k – )
]




, k ∈ {, . . . ,N} =: I,
ay() – ay() = , ay(N + ) + ay(N) = ,
(.)
has been studied by many authors; see [–] and the references therein. Here y(k) =
y(k+)–y(k) for all k ∈ Z, p,q : I →R are functions, f : I×R→R is a continuous function.
In , Agarwal and O’Regan [] studied the existence of solutions of (.) by ﬁxed
point theorem whenever p(·) ≡ , q(·) = . In , Atici [] obtained the existence of
positive solutions of (.) by the ﬁxed point theorem in cones. Cabada and Otero-Espinar
[], Rodríguez [, ], Rodríguez and Abernathy [], Ma [], Henderson et al. [], and
Anderson et al. [] also studied the discrete Sturm-Liouville problems by various meth-
ods. It is worth to point out that Rodríguez and Abernathy [] studied the existence of
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solutions of the following boundary value problem of the diﬀerence equation:

[










, k ∈ {a + , . . . ,b + },
αx(a) + βx(a) + η(x) = ϕ(x), γ x(b + ) + δx(b) + η(x) = ϕ(x),
(.)
where a and b are integers, α +β = , γ  + δ = , α = β , γ = δ, p : {a, . . . ,b+} → (,∞),
q : {a + , . . . ,b + } →R, ψ :R→R is continuously diﬀerentiable, G : X → Y , ϕ : X →R
and ϕ : X →R are all continuous, η,η : X →R are continuously Fréchet diﬀerentiable;
hereX is the set of real-valued functions deﬁned on {a, . . . ,b+}, Y is the set of real-valued
functions deﬁned on {a + , . . . ,b + }. Under some hypotheses, they showed that (.) has
a solution by the Brouwer ﬁxed point theorem.
However, as far as we know, there is very little work to study the existence of positive
solutions of second-order diﬀerence equation with nonlinear boundary value condition.
Motivated by the above works [–], we study the global structure of positive solutions
of the following discrete boundary value problem:
–
[
p(k – )y(k – )
]















where α,β ≥  are constants, the functions p : {, , . . . ,N} → (,∞), q,a : I → [,∞) with
a(k) >  on k ∈ I and functions f , g satisfy the following:
(H) f ∈ C([,∞), [,∞)) with f (s) >  for s >  and there exist constants f, f∞ ∈ (,∞)
and functions ξ , ζ ∈ C([,∞)) such that
f (s) = fs + ξ (s), ξ (s) = o
(|s|) as s→ +,
f (s) = f∞s + ζ (s), ζ (s) = o
(|s|) as s→ +∞.
(H) g ∈ C([,∞), [,∞)) with g(s) >  for s >  and there exist constants
g, g∞ ∈ (,∞) and functions ,η ∈ C([,∞)), such that
g(s) = gs + (s), (s) = o
(|s|) as s→ +,
g(s) = g∞s + η(s), η(s) = o
(|s|) as s→ +∞.
Through careful analysis we have found that the boundary condition in (.) is nonlinear
but it can be linearized and this makes it possible to establish existence results for posi-
tive solutions of (.) in terms of the principal eigenvalue of the corresponding linearized
problem. Notice that this condition is diﬀerent from those given in [, ].
Let Iˆ := {, , . . . ,N ,N + }, and deﬁne E = {y | y : Iˆ →R} to be the space of all maps from
Iˆ into R. Then it is a Banach space with the norm ‖y‖ =maxk∈Iˆ |y(k)|.
Let P := {y ∈ E | y(k) ≥ ,k ∈ Iˆ}. Then P is a cone which is normal and has a nonempty
interior and E = P – P.
By the constant λ we denote the ﬁrst eigenvalue of the eigenvalue problem,
–
[
p(k – )y(k – )
]
+ q(k)y(k) = λa(k)fy(k), k ∈ I,
–y() + αgy() = , y(N) + βgy(N + ) = .
(.)
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By a constant λ∞ we denote the ﬁrst eigenvalue of the eigenvalue problem,
–
[
p(k – )y(k – )
]
+ q(k)y(k) = λa(k)f∞y(k), k ∈ I,
–y() + αg∞y() = , y(N) + βg∞y(N + ) = .
(.)
It is well known (cf. Kelly and Peterson []) that for ν ∈ {,∞}, λν is positive and simple,
and that it is a unique eigenvalue with positive eigenfunction ϕν ∈ E.
Let C be the closure of the set
{
(λ,u) ∈ (,∞)× E | (λ,u) is a positive solution of (.) in R× E}.
Theorem . Let (H)-(H) hold. Then there exists an unbounded, closed, and connected
component C ⊂ (,∞)× E in C , which joins (λ , ) with (λ∞ ,∞).Moreover, if
λ∞ < λ < λ or λ < λ < λ∞ (.)
hold. Then (.) has at least one positive solution.
Corollary . Let (H)-(H) hold. If
λ∞ <  < λ or λ <  < λ∞
hold. Then the problem
–
[
p(k – )y(k – )
]














has at least one positive solution.
Remark . Compared with references [, ], Theorem . gives the sharp condition (.)
for the existence of a positive solution of (.). In fact, let us consider the function





which satisﬁes f = f∞ = λ , then the nonlinear boundary value problem
–
[
p(k – )y(k – )
]




, k ∈ I,
–y() + αy() = , y(N) + βy(N + ) = 
has no positive solution.
The rest of this paper is organized as follows. In Section , we state some preliminary
results and Dancer’s bifurcation theorem. It is worth to note that the proof of the main
result is based upon Dancer’s bifurcation theorem, which is diﬀerent from the topological
degree arguments used in [, , , ]. In Section , we reduce (.) to a compact operator
equation and prove Theorem . and Corollary ..
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2 Preliminaries and Dancer’s global bifurcation theorem
Let φ(k), ψ(k) be the solution of the initial value problem
–
[
p(k – )φ(k – )
]
+ q(k)φ(k) =  for k ∈ I,





p(k – )ψ(k – )
]
+ q(k)ψ(k) =  for k ∈ I,
ψ(N + ) = , ψ(N) = –β¯ ,
(.)
respectively, where α¯, β¯ ∈ [,∞). It is easy to compute and show that










p(j) )q(s)φ(s) > , and φ is increasing on Iˆ ;










p(j) )q(s)ψ(s) > , and ψ is decreasing on Iˆ .
Lemma . Let h : I →R. Then the linear boundary value problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = h(k), k ∈ I,










φ(s)ψ(k), ≤ s≤ k ≤ T + ,
φ(k)ψ(s), ≤ k ≤ s≤ T . (.)
Moreover, if h(k)≥  and h ≡  on I , then y(k) >  on Iˆ .
Proof It is a direct consequence of Atici [, Section ], so we omit it. 
Let ω,ω ∈ (,∞). Then the linear boundary value problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = , k ∈ I,




( + β¯)φ(N + ) – φ(N)
φ(k) + ω( + α¯)ψ() –ψ()ψ(k), k ∈ Iˆ. (.)
From the properties of φ(k), ψ(k), it follows that
y(k) > , k ∈ Iˆ.
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G(k, s)h(s), k ∈ Iˆ.
By a standard compact operator argument, it is easy to show that T is a compact operator
and it is strongly positive, meaning that Th >  on Iˆ for any h ∈ E with the condition that
h≥  and h ≡  on I ; see [, ].
Let R[ω,ω] :R → E be deﬁned as
R[ω,ω](k) =
ω
( + β¯)φ(N + ) – φ(N)
φ(k) + ω( + α¯)ψ() –ψ()ψ(k), k ∈ Iˆ.
Then R[ω,ω] is a linear bounded function in E.
Suppose that E is a real Banach space with norm ‖ · ‖. Let K be a cone in E. A nonlinear
mapping A : [,∞) × K → E is said to be positive if A([,∞) × K ) ⊂ K . It is said to be
K-completely continuous if A is continuous and maps bounded subsets of [,∞)×K to a
precompact subset of E. Finally, a positive linear operator V on E is said to be a linear mi-
norant for A if A(λ,u)≥ μV (u) for (λ,u) ∈ [,∞)×K . If B is a continuous linear operator
on E, denote by r(B) the spectrum radius of B. Deﬁne
CK (B) =
{
λ ∈ [,∞) | there exists u ∈ K with ‖u‖ =  and u = λBu}. (.)
The following lemmawill play a very important role in the proof of ourmain results, which
is essentially a consequence of Dancer [, Theorem ].
Lemma . Assume that
(i) K has a nonempty interior and E = K –K ;
(ii) A : [,∞)×K → E is K -completely continuous and positive, A(λ, ) =  for λ ≥ ,
A(,u) =  for u ∈ K and
A(λ,u) = λBu + F(λ,u),
where B : E → E is a strongly positive linear compact operator on E with r(B) > ,
F : [,∞)×K → E satisﬁes ‖F(λ,u)‖ = o(‖u‖) as ‖u‖ →  locally uniformly in λ.
Then there exists an unbounded connected subset C of
DK (A) =
{
(λ,u) ∈ [,∞)×K | u = A(λ,u),u = }∪ {(r(B)–, )}
such that (r(B)–, ) ∈ C .
Moreover, if A has a linear minorant V and there exists a (μ, y) ∈ (,∞)× K such that
‖y‖ =  and μV (y)≥ y, then C can be chosen in DK (A)∩ ([,μ]×K ).
3 The proof of themain result
To prove Theorem ., we begin with the reduction of (.) to a suitable equation for a
compact operator.
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From Lemma . and the compactness of T , let T : E → E denote the inverse operator
of the linear boundary value problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = h(k), k ∈ I,
–y() + αgy() = , y(N) + βgy(N + ) = .
Taking into account α¯ = αg, β¯ = βg, one can repeat the argument of the operator T with
some minor changes, and it follows that T is a linear mapping of E compactly into E and
it is strongly positive.
Let R be the solution of the linear boundary value problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = , k ∈ I,









Repeating the argument of R[ω,ω] with someminor changes, it follows that R :R → E







(k) = –(y(N + ))φ(k)( + βg)φ(N + ) – φ(N)
+ –(y())ψ(k)( + αg)ψ() –ψ()
, k ∈ Iˆ,
here τ : {y(), y(), . . . , y(N + )} → {y(), y(N + )} is the trace operator and φ(k), ψ(k)
satisﬁes (.) and (.) with α¯ = αg, β¯ = βg, respectively. Then the problem (.) is equiv-
alent to the operator equation
y(k) = λT
[








(k), k ∈ Iˆ. (.)




p(k – )y(k – )
]
+ q(k)y(k) = h(k), k ∈ I,
–y() + αg∞y() = , y(N) + βg∞y(N + ) = .
Then T∞ is a linear mapping of E compactly into E and it is strongly positive. Let R∞ be
the solution of the linear boundary value problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = , k ∈ I,
















(k) = –η(y(N + ))φ∞(k)( + βg∞)φ∞(N + ) – φ∞(N)
+ –η(y())ψ∞(k)( + αg∞)ψ∞() –ψ∞()
, k ∈ Iˆ,
here φ∞(k), ψ∞(k) satisﬁes (.) and (.) with α¯ = αg∞, β¯ = βg∞, respectively. Further-
more, the problem (.) is also equivalent to the operator equation
y(k) = λT∞
[








(k), k ∈ Iˆ. (.)
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From (H) and (H), it follows that
lim|s|→
ξ (s)
s = , lim|s|→
(s)
s = , (.)
lim|s|→∞
ζ (s)
s = , lim|s|→∞
η(s)
s = . (.)


















=: A(λ, y) (.)
as a bifurcation problem from the trivial solution u≡ .
Deﬁne the linear operator B
By(k) := T[afy](k), k ∈ Iˆ.
It is easy to verify that B : P → P is completely continuous and strongly positive on E. From
[, Theorem .], it follows that λ = [r(B)]–. Deﬁne F : [,∞)× E → E by











then we have from (.)
∥∥F(λ, y)∥∥ = o(‖y‖) locally uniform in λ.
So, we imply that if (λ,u) with λ >  is a nontrivial solution of (.), then y ∈ intP. Combin-
ing this with Lemma ., we conclude that there exists an unbounded connected subset C
of the set
{
(λ, y) ∈ [,∞)× P | y = A(λ, y), y ∈ intP}∪ {(λ , )}
such that (λ , ) ∈ C .
Proof of Theorem . It is clear that any solution of (.) of the form (λ, y) yields a solution
y of (.). We will show that C joins (λ , ) to (λ∞ ,∞).
Let (μn, yn) ∈ C satisfy
|μn| + ‖yn‖ → ∞, n→ ∞.
Then μn >  for all n ∈N since y =  is the only solution for (.) (i.e. (.), since (.) and
(.) are equivalent to (.)) for λ = .
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In fact, suppose on the contrary that y is a nontrivial solution of the problem
–
[
p(k – )y(k – )
]










then y satisﬁes the linear boundary value problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = , k ∈ I,
–y() + α˜y() = , y(N) + β˜y(N + ) = ,
here α˜ = α g(y())y() , β˜ = β
g(y(N+))
y(N+) . This together with (H) and [, Lemma .] implies that
y≡ , which is a contradiction. Therefore, (.) with λ =  has only a trivial solution.
Case  λ∞ < λ < λ .
In this case, we show that
(
λ∞ ,λ
)⊆ {λ ∈R | ∃(λ, y) ∈ C}.
We divide the proof into two steps.
Step . We show that if there exists a constant numberM >  such that
μn ⊂ (,M], (.)
then C joins (λ , ) with (λ∞ ,∞).
From (.), we have ‖yn‖ → ∞ as n→ ∞. We divide the equation
yn = μnT∞
[









by ‖yn‖ and let vn = yn‖yn‖ . Since vn is bounded in E, choosing a subsequence and relabeling
if necessary, we see that vn → v¯ for some v¯ ∈ E with ‖v¯‖ = . Moreover, from (.) and the
















limn→∞ η¯(‖yn‖)‖yn‖ . Thus
v¯ = μ¯T∞[af∞v¯],




p(k – )v¯(k – )
]
+ q(k)v¯(k) = μ¯af∞v¯(k), k ∈ I,
–v¯() + αg∞v¯() = , v¯(N) + βg∞v¯(N + ) = .
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Since ‖v¯‖ = , and v¯ ≥ , the strong positivity of T∞ ensures that v¯ >  on I¯ . Therefore,
μ = λ∞ , and accordingly, C joins (λ , ) to (λ∞ ,∞).
Step . We show that there exists a constantM such that μn ∈ (,M] for all n.
By Lemma ., we only need to show that A has a linear minorant V and there exists a
(μ, y) ∈ (,∞)× P such that ‖y‖ =  and μV (y)≥ y.
From (H) and (H), there exist constants κ,κ ∈ (,∞) such that
f (y)≥ κy, and g(y)≤ κy for any y≥ . (.)
By the samemethod as used for deﬁning T and R, we may deﬁne T∗ and R∗ as follows:
Let T∗ : E → E denote the inverse operator of the linear boundary value problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = h(k), k ∈ I,
–y() + ακy() = , y(N) + βκy(N + ) = .
Then T∗ is a linear mapping of E compactly into E and it is strong positive. Let R∗ be the
solution of the linear boundary value problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = , k ∈ I,
















(k) = χ (y(N + ))φ∗(k)( + βκ)φ∗(N + ) – φ∗(N)
+ χ (y())ψ∗(k)( + ακ)ψ∗() –ψ∗()
, k ∈ Iˆ,
where φ∗(k), ψ∗(k) satisﬁes (.) and (.) with α¯ = ακ, β¯ = βκ, respectively.











(k), k ∈ Iˆ. (.)
Thus












V (y) := T∗[aκy](k) in Iˆ.
Then V is a linear minorant of A. Let λ∗ be the eigenvalue of the linear problem
–
[
p(k – )y(k – )
]
+ q(k)y(k) = λκy(k), k ∈ I,
–y() + ακy() = , y(N) + βκy(N + ) = ,
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Therefore we have from Lemma .
|μn| ≤ λ∗ .
Case  λ < λ < λ∞ .
In this case, if (μn, yn) ∈ C is such that
lim
n→∞(μn + yn) = +∞
and limn→∞ μn =∞, then
(
λ ,λ∞
)⊆ {λ ∈R | ∃(λ, y) ∈ C}
and moreover,
({λ} × E)∩ C = ∅.
If there exists M > , such that for all n ∈ N, μn ∈ (,M]. Applying a similar argument






, as n→ ∞.
Again C joins (λ , ) to (λ∞ ,∞) and the result follows. 
Proof of Corollary . It is a direct consequence of Theorem ., so we omit it. 
Example Let us consider the following boundary value problem of the diﬀerence equa-
tion:





















 , ≤ u≤ ,
u
u– + u, u≥ ,
and g(u) =
{
u, ≤ u≤ ,
(u – ) + u , u≥ .
Obviously, the conditions (H), (H) are satisﬁed, furthermore f =  , f∞ = , g = ,
g∞ = , and λ ≈ ., λ∞ ≈ .. From Theorem ., the problem (.) has at
least one positive solution u on Iˆ if . < λ < ..
Lu and Ma Advances in Diﬀerence Equations 2014, 2014:188 Page 11 of 11
http://www.advancesindifferenceequations.com/content/2014/1/188
Competing interests
The authors declare that they have no competing interests.
Authors’ contributions
YL and RM completed the main study, YL carried out the results of this article and drafted the manuscript and RM
checked the proofs and veriﬁed the calculation. All the authors read and approved the manuscript.
Acknowledgements
The authors are very grateful to the anonymous referees for their valuable suggestions. This work was supported by the
NSFC (No. 11361054, No. 11201378, No. 11061030), Gansu provincial National Science Foundation of China (No.
1208RJZA258), SRFDP (No. 20126203110004).
Received: 22 March 2014 Accepted: 25 June 2014 Published: 22 Jul 2014
References
1. Gaines, R: Diﬀerence equations associated with boundary value problems for second order nonlinear ordinary
diﬀerential equations. SIAM J. Numer. Anal. 11, 411-434 (1974)
2. Kelley, WG, Peterson, AC: Diﬀerence Equations: An Introduction with Applications, 2nd edn. Harcourt/Academic
Press, San Diego (2001)
3. Agarwal, RP: Diﬀerence Equations and Inequalities: Theory, Methods, and Applications. 2nd edn. Monographs and
Textbooks in Pure and Applied Mathematics, vol. 228. Dekker, New York (2000)
4. Bereanu, C, Mawhin, J: Existence and multiplicity results for periodic solutions of nonlinear diﬀerence equations.
J. Diﬀer. Equ. Appl. 12, 677-695 (2006)
5. Agarwal, RP, O’Regan, D: Fixed-point approach for nonlinear discrete boundary value problems. Comput. Math. Appl.
36(10-12), 115-121 (1998)
6. Atici, FM: Existence of positive solutions of nonlinear discrete Sturm-Liouville problems. Boundary value problems
and related topics. Math. Comput. Model. 32(5-6), 599-607 (2000)
7. Cabada, A, Otero-Espinar, V: Fixed sign solutions of second-order diﬀerence equations with Neumann boundary
conditions. Comput. Math. Appl. 45(6-9), 1125-1136 (2003)
8. Rodríguez, J: On the solvability of nonlinear discrete boundary value problems. J. Diﬀer. Equ. Appl. 9(9), 863-867
(2003)
9. Rodríguez, J: Nonlinear discrete Sturm-Liouville problems. J. Math. Anal. Appl. 308(1), 380-391 (2005)
10. Rodríguez, J, Abernathy, Z: Nonlinear discrete Sturm-Liouville problems with global boundary conditions. J. Diﬀer.
Equ. Appl. 18(3), 431-445 (2012)
11. Ma, R: Bifurcation from inﬁnity and multiple solutions for some discrete Sturm-Liouville problems. Comput. Math.
Appl. 54, 535-543 (2007)
12. Henderson, J, Ntouyas, S, Purnaras, I: Positive solutions for systems of nonlinear discrete boundary value problems.
J. Diﬀer. Equ. Appl. 15, 895-912 (2009)
13. Anderson, DR, Avery, RI, Henderson, J, Liu, X, Lyons, JW: Existence of a positive solution for a right focal discrete
boundary value problem. J. Diﬀer. Equ. Appl. 17, 1635-1642 (2011)
14. Dancer, EN: Global solution branches for positive mappings. Arch. Ration. Mech. Anal. 52, 181-192 (1973)
15. Deimling, K: Nonlinear Functional Analysis. Springer, Berlin (1988)
10.1186/1687-1847-2014-188
Cite this article as: Lu and Ma: Global structure of positive solutions for second-order difference equation with
nonlinear boundary value condition. Advances in Diﬀerence Equations 2014, 2014:188
